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For every even integer n ≥ 28 we construct a cyclically 4-edge-connected snark of order
n which has girth 5 and contains a 5-circuit in every 2-factor. In addition, for every given
positive integer k, we construct a nontrivial snark having at least k 5-circuits in every 2-
factor.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Perfect matchings in cubic graphs have been studied from the very beginnings of graph theory. In 1891 Petersen [6]
proved that every bridgeless cubic graph has a perfect matching. In a cubic graph, the complement of a perfect matching is
always a 2-factor, so we know that every bridgeless cubic graph has a 2-factor.
If a cubic graph has two disjoint 1-factors, their union is a 2-factor composed of circuits of even length; such a 2-factor
is called even. Its complement must be another 1-factor, and these three 1-factors can be viewed as colour classes of a
3-edge-colouring. It follows that a cubic graph is 3-edge-colourable if and only if it has twodisjoint 1-factors, or, equivalently,
if and only if it has an even 2-factor.
The Vizing edge-colouring theorem assures that if a cubic graph is not 3-edge-colourable, then it has chromatic index 4
(see for example [1, Theorem 5.3.2]). Bridgeless cubic graphs with chromatic index 4 are called snarks. The importance of
snarks transpired very early: the Four-Colour Theorem is equivalent to the statement that every bridgeless planar cubic
graph is 3-edge-colourable. In other words, there are no planar snarks. At present, a number of problems are known that
reduce to snarks. For instance, Tutte’s 5-flow conjecture and the cycle double-cover conjecture hold for general graphs if
and only if they hold for snarks. Similar reductions have shown that the important class of snarks consists of cyclically
4-edge-connected snarks with girth at least 5; we call such snarks nontrivial.
A significant portion of research has been devoted to short circuits in 2-factors of cubic graphs. For instance, Kaiser and
Škrekovski [2] proved that every bridgeless cubic graph has a 2-factor intersecting all edge-cuts of sizes 3 and 4. Clearly, such
a 2-factor has no circuits of length 3 or 4. In contrast, circuits of length 5 cannot be avoided, as is witnessed by the Petersen
graph, which has two circuits of length 5 in every 2-factor. Rosenfeld [7] constructed cubic graphs that have arbitrarilymany
5-circuits in every 2-factor. However, these graphs are trivial when regarded as snarks because the 5-circuits are contained
in subgraphs of order 9 separated by edge-cuts of size 3. The purpose of this paper is to improve Rosenfeld’s result by
constructing similar graphs without nontrivial cuts of size smaller than 5.
The following two theorems are our main results.
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Fig. 1. The block B.
Theorem 1. For every even integer n ≥ 28 there exists a nontrivial snark that has a 5-circuit in every 2-factor.
A computer verification showed that every nontrivial snark with fewer than 28 vertices, except for the Petersen graph,
has a 2-factor without 5-circuits. In this sense, Theorem 1 is best possible.
Theorem 2. For every positive integer k there exists a nontrivial snark with at least k 5-circuits in every 2-factor.
Theorems 1 and 2 show that there exist nontrivial snarks with short circuits that cannot be avoided, not even by the
choice of a suitable 2-factor. In this sense, our theorems complement the well-known result of Kochol [3] that there exist
snarks of arbitrarily large girth, and hence without any short circuits. Results of similar kind may be useful for anticipating
obstacles in further research. For example, Král’ et al. [4] have recently proved that every bridgeless cubic graph having a
2-factor with no 5-circuits has circular chromatic index at most 7/2. The absence of 5-circuits in a 2-factor seems to be
essential for the proof; hence it is natural to attempt proving that every nontrivial snark except the Petersen graph has a
2-factor without 5-circuits. This might sound promising since the claim is true for all nontrivial snarks of order between 12
and 26. Unfortunately, Theorem 2 shows that 5-circuits are unavoidable in infinitely many larger snarks.
The construction principle of our graphs can be used to create rich classes of snarks and has a remarkable advantage: the
resulting graphs have a circuit of odd length in every 2-factor, and hence have no even 2-factor. Neither tedious verification
nor ingenious ideas are therefore needed to prove that these graphs are not 3-edge-colourable.
2. The construction
In this section, we constructively prove Theorems 1 and 2. Our construction of snarks having 5-circuits in every 2-factor
is based on the use of the block B shown in Fig. 1, which can be obtained from the Petersen graph by removing two adjacent
vertices and keeping the four dangling edges. Since we are interested in 2-factors of graphs resulting from our construction,
we start with an analysis of how a circuit of a 2-factor can pass through the block B.
Let us denote the vertices of B by v1, v2, . . . , v8 in accordance with Fig. 1, and let e1, e2, f1, and f2 be the dangling edges
attached to v1, v3, v5, and v7, respectively. Consider a cubic graph G that contains the block B, and assume that the edge e1
belongs to a circuit of a 2-factor F of G. We show that either f1 also belongs to a circuit of F or a 5-circuit of F is contained
in B.
Suppose that f1 belongs to no circuit of the 2-factor F . Then the edges v5v4 and v5v6 both belong to F . One of the edges
incident with v1 belongs to the perfect matching M complementary to F ; due to the symmetry of B we may assume that
this edge is v1v8. Since v1v8 belongs to M , the edges v1v2, v8v4, and v8v7 belong to F . Thus either v4v5v6v7v8 is a 5-circuit
belonging to F or the edge v6v7 belongs toM . In the latter case, the edge v6v2 must belong to F and then both v2v3 and v4v3
must belong toM , contradicting the fact thatM is a matching.
Our construction starts with creating the graph H shown in Fig. 2 from three copies of the block B and three additional
vertices. The graph H is cubic and has 27 vertices, 38 edges, and 5 dangling edges. We claim that no cubic graph containing
a subgraph isomorphic to H has a 2-factor without 5-circuits. Indeed, if there was such a 2-factor F , then the edge b or the
edge c would have to be contained in it. The proven property of the block B guarantees that if b is in F , then so must a and c
be. Similarly, if c is in F , then bmust be in F . It follows that both b and c belong to F , and hence the edge d is in the perfect
matchingM complementary to F . In the same manner we can prove that hmust be inM , and this contradicts the fact that
no two edges of the matchingM are adjacent.
To complete the proof of Theorem 1 we construct a cubic graph G with n vertices, n ≥ 28, girth at least 5, and cyclic
edge-connectivity 4, that contains H as a subgraph. Such a graph must be a snark, because every 2-factor in a cubic graph
containing H has an odd circuit, namely, a 5-circuit. In order to create G, take a cyclically 4-edge-connected cubic graph H ′
with girth at least 5 and n− 24 vertices, remove a path P of length 2 together with all incident edges from H ′, and join the
dangling edges of H to the five vertices of degree 2 in H ′ − P arbitrarily; this will create neither a circuit of length 4 or less
nor a 3-edge-cut separating circuits.
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Fig. 2. The graph H; squares represent copies of the block B.
a b c
Fig. 3. Suitable candidates for H ′ with 12, 14, and 16 vertices.
a b c
Fig. 4. The constructed graphs with 28, 30, and 32 vertices.
This construction depends on the existence of a suitable graph H ′. If n− 24 ≥ 18, that is, if n ≥ 42, we can take H ′ to be
a nontrivial snark of orderm = n−24; such snarks exist for all evenm ≥ 18; see [8]. For n = 34, 36, 38, and 40 we can take
the Petersen graph, the graph displayed in Fig. 3(a), the Heawood graph (shown in Fig. 3(b)), and the generalised Petersen
graph GP(8, 3) (shown in Fig. 3(c)), respectively. All four graphs have sufficient girth and cyclic connectivity.
For 28 ≤ n ≤ 32, however, there is no cubic graph with n − 24 vertices and girth at least 5. In these three cases we
construct the desired graphs directly by adding some vertices and edges to H . For n = 28, we create the graph G by joining
two dangling edges of H together and attaching the remaining three dangling edges to a new vertex. The resulting graph is
shown in Fig. 4(a), the squares representing copies of the block B. For n = 30, we complete the graph G by adding a path of
length 2 to H (see Fig. 4(b)), and for n = 32, we join the dangling edges of H to a 5-circuit (see Fig. 4(c)).
To complete the proof of Theorem 2, take k copies of H and join the dangling edges to a circuit of length 5k in an arbitrary
manner that produces a cubic graph. Each 2-factor of the resulting graph Gmust contain at least one 5-circuit in each copy
of H , and so G has at least k 5-circuits in total. It is not difficult to check that G is cyclically 4-edge-connected and has girth 5.
3. Remarks
In the previous section we have shown that for each n ≥ 28 there exists a snark G of order n such that every 2-factor of
G contains a 5-circuit. Except for n = 28, this property of G is achieved by composing G from two subgraphs H and H ′ − P
connected by five edges, where H is the one that forces the required property of G and H ′ − P only serves to increase the
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order of G. In particular, G contains an edge-cut that separates a subgraph which is not 3-edge-colourable from a nontrivial
subgraph that does not contribute to Gwith anything substantial. In the terminology of [5] such snarks are called reducible.
More precisely, a snark K is irreducible if every nontrivial edge-cut of K (one that does not consist of three edges incident
with a vertex) separates K into 3-edge-colourable components. This says, in particular, that for n ≥ 30 our snarks are not
irreducible. It can be checked by a computer that the same is true for the snark of order 28 shown in Fig. 4(a) as well.
This leaves the Petersen graph the only known irreducible snark which has a 5-circuit in every 2-factor. It is natural to ask
whether the Petersen graph is indeed the only such snark.
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